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Íà ïðîêëàäêå ëèíèè ýëåêòðîïåðåäà÷è ðàáîòàþò òðè áðèãàäû ñ ïîñòîÿííîé
èíòåíñèâíîñòüþ. Ïåðâàÿ è òðåòüÿ áðèãàäû, ðàáîòàÿ âìåñòå, çà ìåñÿö ïðîêëà-
äûâàþò 15 êì ëèíèè. Âñå òðè áðèãàäû âìåñòå ìîãóò ïðîëîæèòü çà ìåñÿö
ëèíèþ â äâà ðàçà äëèííåå, ÷åì âòîðàÿ è ïåðâàÿ áðèãàäû âìåñòå. Ñêîëüêî
êèëîìåòðîâ ëèíèè â ìåñÿö ìîæåò ïðîëîæèòü òðåòüÿ áðèãàäà, åñëè èçâåñòíî,
÷òî âòîðàÿ áðèãàäà âìåñòå ñ òðåòüåé ïðîêëàäûâàþò ó÷àñòîê ïóòè â ÷åòûðå
ðàçà áûñòðåå, ÷åì åãî ïðîëîæèëà áû îäíà âòîðàÿ áðèãàäà?

Ðåøåíèå

Ïóñòü áðèãàäû â ìåñÿö ìîãóò ïðîëîæèòü ñîîòâåòñòâåííî X, Y , Z êì. Òî-
ãäà, ïåðåâåäÿ óñëîâèÿ çàäà÷è â ñèìâîëè÷åñêóþ çàïèñü, ïîëó÷èì ñèñòåìó óðàâ-
íåíèé

X + Z = 15,

X + Y + Z = 2(X + Y ),

Y + Z = 4Y.
èëè

X + Z = 15,

X + Y = Z,

Z = 3Y.

Îòêóäà X = 6, Y = 3, Z = 9.

Îòâåò. 9 êì.
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Ðåøèòå çàäà÷ó èç VIII êíèãè ¾Íà÷àë¿ Åâêëèäà. Ïóñòü ÷èñëà x1, . . ., x2021
ñâÿçàíû ðàâåíñòâàìè (ïî Åâêëèäó � íåïðåðûâíîé ïðîïîðöèåé)

x1
x2

=
x2
x3

= · · · = x2020
x2021

,

ïðè÷åì x1 = 22022, x2021 = 4. Íàéäèòå x2, . . ., x2020.

Ðåøåíèå

Îáîçíà÷èâ
x1
x2

=
x2
x3

= · · · = x2020
x2021

=
1

q
, âèäèì, ÷òî íàì äàíà ãåîìåòðè-

÷åñêàÿ ïðîãðåññèÿ, â êîòîðîé xk = x1 · qk−1. Ïîýòîìó

4 = x2021 = x1 · q2020 = 22022q2020 = 4 · 22020q2020.

Òàêèì îáðàçîì, q = ±1/2 è xk = 22022·(1/2)k−1 = 22023−k èëè xk = (−1)k−122023−k.
Îòâåò: xk = 22023−k èëè xk = (−2)2023−k, k = 1, . . . , 2021.
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Íà êîîðäèíàòíîé ïëîñêîñòè êàæäàÿ èç N ïðÿìûõ lj ïàðàëëåëüíà ïðÿìîé
y = x+ 2021 è ïåðåñåêàåò êðèâóþ y = 1/x ðîâíî â äâóõ òî÷êàõ (x1(j), y1(j))
è (x2(j), y2(j)) (j = 1, 2, . . . , N). Ðàññìîòðèì äâà ïðîèçâåäåíèÿ

P1 = y1(1)y1(2) · · · y1(N) è P2 = y2(1)y2(2) · · · y2(N).

Âûÿñíèòå, êàêèå çíà÷åíèÿ ìîæåò ïðèíèìàòü âåëè÷èíà P1P2 è êàê ýòî çíà÷å-
íèå çàâèñèò îò N .

Ðåøåíèå

Ïðÿìûå èìåþò óðàâíåíèÿ y = x + bj. Íàéäåì òî÷êè èõ ïåðåñå÷åíèÿ ñ
óêàçàííîé êðèâîé: 1/x = x+ bj, x

2 + bjx− 1 = 0. Èìååì

x1(j)x2(j) = −1, y1(j)y2(j) = 1/(x1(j)x2(j)) = −1, P1P2 = (−1)N ∈ {−1, 1}.

Îòâåò: åñëè N ÷åòíî, òî P1P2 = 1; åñëè N íå÷åòíî, òî P1P2 = −1.
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Íà ñòîðîíàõ ÂÑ è ÑD êâàäðàòà AÂÑD îòìå÷åíû äâå òî÷êè, ñîîòâåòñòâåí-
íî, Ì è Ê òàê, ÷òî ïåðèìåòð òðåóãîëüíèêà ÌÊÑ ðàâåí óäâîåííîé ñòîðîíå
êâàäðàòà. Íàéäèòå óãîë ÌÀÊ.

Ðåøåíèå
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Çàäà÷à ðåøàåòñÿ ïðîñòî, åñëè ñîîáðàçèòü, ÷òî îòðåçîê MK ÿâëÿåòñÿ êà-
ñàòåëüíîé ê îêðóæíîñòè ñ öåíòðîì â òî÷êå À è ðàäèóñà, ðàâíîãî ñòîðîíå
êâàäðàòà. Îáîçíà÷èì òî÷êó êàñàíèÿ ÷åðåç P.



Òàê êàê óãîë ÂÀM ðàâåí óãëó MÀÐ, à óãîë ÐÀK ðàâåí óãëó KÀD, òî óãîë
MÀK ðàâåí 45◦.

Îòâåò. 45◦.
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Â êîíöå XIX â. íåìåöêèé ìàòåìàòèê (îí ðîäèëñÿ è âûðîñ â Ñàíêò-Ïåòåðáóðãå)
Ãåîðã Êàíòîð äîêàçàë, êàçàëîñü áû, ïàðàäîêñàëüíûé ôàêò: ìåæäó ìíîæå-
ñòâîì è åãî ïîäìíîæåñòâîì ìîæíî óñòàíîâèòü âçàèìíî îäíîçíà÷íîå ñîîòâåò-
ñòâèå. Òàê, â ÷àñòíîñòè, ìîæíî êàæäîìó öåëîìó ÷èñëó k ïîñòàâèòü â ñîîò-
âåòñòâèå íàòóðàëüíîå ÷èñëî N(k), êîòîðîå áóäåò íîìåðîì ÷èñëà k, ïðè÷åì
âñå íîìåðà (íàòóðàëüíûå ÷èñëà) áóäóò èñïîëüçîâàíû. Óêàæåì ïåðâûå ïàðû
òàêîãî ñîîòâåòñòâèÿ:

N(0) = 1, N(1) = 2, N(−1) = 3, N(2) = 4, N(−2) = 5, N(3) = 6, N(−3) = 7, ...

Ðåøèòå ñëåäóþùèå óðàâíåíèÿ
À) N(x) = 2021,
Á) N(x)−N(y) = 2021.

Ðåøåíèå

1. Âûïèøåì äëÿ óäîáñòâà ÷àñòü òàáëèöû ñ íîìåðàìè öåëûõ ÷èñåë:

k . . . −4 −3 −2 −1 0 1 2 3 4 . . .

N(k) . . . 9 7 5 3 1 2 4 6 8 . . .

Âèäíî, ÷òî

N(0) = 1, N(n) = 2n, N(−n) = 2n+ 1, n ∈ N. (1)

2. Ðàññìîòðèì óð-å N(x) = N . Èç (1) ïîëó÷àåì åãî ðåøåíèÿ:

x = 0, åñëè N = 1; x = N/2, åñëè N ÷åòíî; x = −(N−1)/2, åñëè N íå÷åòíî.

3. Ðàññìîòðèì óð-å N(x)−N(y) = 2021.
3.1. Ïóñòü x = 0. Òîãäà 1−N(y) = 2021, ÷òî íåâîçì., òàê êàê N(y) > 0.
3.2. Ïóñòü y = 0. Ïîëó÷àåì N(x)−1 = 2021, x = 1011. Èòàê, åñòü ðåøåíèå

(x, y) = (1011; 0). (2)

3.3. Ïóñòü xy 6= 0. Ðàçíîñòü íîìåðîâ (2021) íå÷åòíà, ïîýòîìó íàò. ÷èñëà
N(x), N(y) ðàçíîé ÷åòíîñòè.

Åñëè x > 0, y > 0, òî îíè îáà ÷åòíû, ýòî íåâîçì.
Åñëè x < 0, y < 0, òî îíè îáà íå÷åòíû, ýòî íåâîçì.
Òàêèì îáðàçîì, xy < 0.



3.3.1. Ïóñòü x = −m, y = n, m, n ∈ N. Òîãäà

N(x)−N(y) = 2m+ 1− 2n = 2021, m− n = 1010, m = 1010 + n,

(x; y) = (−(1010 + n); n), n ∈ N. (3)

3.3.2. Ïóñòü x = m, y = −n, m, n ∈ N. Òîãäà

N(x)−N(y) = 2m− 2(n+ 1) = 2021, m− n = 1011,m = 1011 + n,

(x; y) = (1011 + n); −n), n ∈ N. (4)

Òåïåðü âñå âîçìîæíîñòè ðàññìîòðåíû è âñå ðåøåíèÿ íàéäåíû.

Îòâåò. À) x = −1010.
Á) (x, y) = (−(1011 + n), n), (1011 +m,−m), n ∈ N, m ≥ 0.


